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A kinetic model incorporating effects of diffusion-controlled reactions on atom-trans-
( )fer radical polymerization ATRP was de®eloped. The reactions considered to be diffu-

sion-controlled are monomer propagation, bimolecular radical termination, chain trans-
fer between propagating radical and catalyst, and transfer to small molecules. Model
predictions indicate that a diffusion-controlled propagation reduces the ‘‘li®ing’’ beha®-
ior of the system, whereas a diffusion-controlled termination enhances its li®ingness.
When diffusion-controlled transfer between chains and catalyst is considered the same
in the forward and backward directions, the li®ingness of the system is enhanced, but if
one of them is kept unchanged while the other is increased, the li®ingness of the system
is reduced. When diffusion-controlled termination is important, our simulations show
that the o®erall effect of diffusion-controlled phenomena in ATRP is to enhance the
li®ingness of the system. Experimental data from the literature for styrene, methyl
methacrylate, and methyl acrylate ATRP homopolymerizations ®alidate the kinetic
model.

Introduction

Ž .Controlled-radical polymerization CRP has become a
major field in polymer science and engineering. CRP is also
known as ‘‘pseudoliving’’ radical polymerization. A polymer-
ization process is considered to be living if the growing chains
do not experience permanent termination andror transfer
during the course of polymerization. The current most effec-

Ž .tive and versatile CRP processes are 1 stable free-radical
Ž .polymerization SFRP , best represented by nitroxide-media-

Ž . Ž .ted polymerization NMP , 2 metal-catalyzed atom-transfer
Ž . Ž .radical polymerization ATRP , and 3 reversible addition-

Ž .fragmentation chain transfer RAFT polymerization, along
with other degenerative transfer processes. The common fea-
ture in these processes is the dynamic equilibration between
growing free-radicals and various types of dormant species.
The difference among them is due to the mechanism and

Žchemistry of the equilibrationrexchange process Matyjas-
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. Žzewski, 2000 . The initiator-trans fer agent-ter minator In-
. Ž .iferter technique, proposed by Otsu and Yoshida 1982 , is

also used to promote a ‘‘living’’ character in free-radical poly-
merization.

While the literature on the chemistry of these processes is
Žextensive for example, Matyjaszewski, 2000; Colombani,

.1997 , the kinetic aspects, such as the evaluation of kinetic
rate constants and the development of mathematical kinetic

Ž .models, are less developed. Shi et al. 1999 presented a ki-
netic model for ideal living radical polymerization, based on
the method of moments, which included initiation by thermal
dissociation of capped unimers, propagation, and
cappingruncapping reactions, thus neglecting bimolecular

Ž .termination. Zhu 1999a,b developed kinetic models for
ATRP and SFRP based on the method of moments, and pre-
sented extensive simulation studies on the effects of the main
reagents and kinetic parameters on molecular-weight devel-
opment. Using the Predici polymerization software of CiT,
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Matyjaszewski’s group has modeled the polymerization of
styrene in the presence of a stable radical, 2,2,6,6-tetra-

Ž .methyl-1-piperidinyloxy TEMPO , considering thermal initi-
Žation, but neglecting diffusion-controlled reactions Greszta

.and Matyjaszewski, 1996 ; the ATRP of styrene, modeling
diffusion controlled termination with a semiempirical equa-
tion dependent on conversion and number-average chain

Ž .length Shipp and Matyjaszewski, 1999 , and focusing on the
complex kinetics represented by noninteger reaction orders,
as well as the effect of heterogeneous polymerization condi-

Ž . Ž .tions Shipp and Matyjaszewski, 2000 . Butte et al. 2000 de-´
veloped a kinetic model for NMP-SFRP and ATRP linear
styrene homopolymerizations using the method of moments
and an empirical expression for diffusion-controlled termina-

Ž .tion. Fukuda et al. 2000 measured some activation con-
stants for NMP-SFRP and ATRP, proposed some simplified
models, and carried out some calculations including thermal

Ž .initiation and using a steady-state hypothesis SSH for radi-
Ž .cal concentrations. Krajnc et al. 2001 developed a semiem-

pirical kinetic model for the INIFERTER controlled-radical
homopolymerization of methyl methacrylate. Ward and Pep-

Ž .pas 2000 have modeled gelation in free-radical INIFER-
TER copolymerization of vinylrdivinyl monomers, using the
Percolation Theory.

It has been recognized that diffusion-controlled reactions
are important in controlled-radical polymerization processes.

Ž .As mentioned before, Shipp and Matyjaszewski 1999 and
Ž .Butte et al. 1999 have used empirical models to take into´

account diffusion-controlled termination in their models for
controlled-radical polymerization. Using electron-spin reso-

Ž . Ž .nance ESR measurements, Yu et al. 2001 experimentally
demonstrated that the deactivation of growing radicals in

Ž .ATRP of poly ethylene glycol dimethacrylate was impeded
Ž .by the restricted diffusion of the Cu II rligand complex in

polymer networks. The diffusion-controlled deactivation re-
sulted in an increase in radical concentration, and the reac-
tion was converted to a conventional free-radical polymeriza-

Žtion process. Diffusion-controlled phenomena autoaccelera-
.tion and glass effects in conventional free-radical polymer-

ization have been studied and modeled for almost four
Ždecades, and have been reviewed elsewhere Mita and Horie,

1987; Vivaldo-Lima et al., 1994; Gao and Penlidis, 1996; Dubé
.et al., 1997 .

Although diffusion-controlled phenomena in controlled-
radical polymerization have been addressed using fully em-

Žpirical models Shipp and Matyjaszewski, 1999; Butte et al.,´
.2000 , the abundant theoretical studies on the topic for con-

Žventional free-radical polymerization processes e.g., Mita and
Horie, 1987; Vivaldo-Lima et al., 1994; Gao and Penlidis,

.1996; Dube et al., 1997 provide a more mechanistic ap-´
proach for modeling. In this article, diffusion-controlled reac-

Žtions radical termination, monomer propagation, and trans-
fer between chains and catalyst in the forward and backward

.directions are modeled using free-volume theory, and incor-
porating some important ideas and concepts in this area
Ž .Vivaldo-Lima et al., 1994 . Experimental data of styrene,

Ž . Ž .methyl methacrylate MMA , and methyl acrylate MA ho-
mopolymerizations, in bulk and solution, are used to validate
the diffusion-controlled kinetic model used in this
article.

where M, RX, C and XC are monomer, initiator, catalyst
and oxidized catalyst; RM �, RM X, RM , and RM R are liv-i i i i
ing chain, dormant chain, dead chain formed via termination
by disproportionation andror chain transfer, and dead chain

w x w xformed via termination by combination; , and subscript0
i denote molar concentration, initial molar concentration, and
number of monomeric units in polymer chain; k is a rate
constant with subscript f indicating forward, b, backward, p,

Ž .propagation, t, termination number average , td, termina-
tion by disproportionation, tc, termination by combination,

w x w x w xand tr, transfer, respectively. M , RX , and C are ini-0 0 0
tial monomer, initiator, and catalyst concentrations, respec-
tively.

For a batch reactor, the mass balances for living, dormant,
Ž .and dead chains are given by Eqs. 2 to 9 Zhu, 1999a . For a

living chain,

w � xd RMi
� �w x w xw x w xsk RM M yk RM Mp iy1 p idt

w x � w x � �w x w x w x w xqk RM X C yk RM XC yk RQ RMf i b i t 0 i

w � xyk RM , 2Ž .t r i

with i s 0

w � xd R
� �w x w x w x w x w x w xsyk R M qk RX C yk R XCp f bdt

� w � x w � xw xyk RQ R yk R . 3Ž .t 0 t r

For a dormant chain,

w xd RM Xi
�w x w xw x w xsyk RM X C qk RM XC , 4Ž .f i b idt

when is0

w xd RX
�w x w x w x w xsyk RX C qk R XC . 5Ž .f bdt
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For a dead chain formed via radical termination by dispro-
portionation andror chain transfer to small molecules,

w xd RMi
� � �w x w x w xsk RQ RM qk RM 6Ž .td 0 i t r idt

w xd R
� � �w x w xw xsk RQ R qk R . 7Ž .td 0 t rdt

For a dead chain formed via radical termination by combina-
tion,

iw xd RM R ki tc
� �s RM RM 8Ž .Ý j iy jdt 2 js 0

w xd RR 1
� �w x w xs k R R . 9Ž .tcdt 2

Method of moments
To follow molecular-weight development in terms of num-

ber and weight averages, the method of moments is used.
The moments for radical, dormant, and dead polymer species
are defined in Eq. 10:

� �
� j � jw xw xRQ s i RM , RQ X s i RM X ,Ý Ýj i j i

is 0 is 0

� �
j jw x w xRQ s i RM , RQ R s i RM R . 10Ž .Ý Ýj i j i

is 0 is 0

Upon application of the method of moments to Eqs. 2, 4, 6,
and 8, Eqs. 11 to 14 are obtained for the jth moment of
polymer radicals, dormant polymer species, dead polymer ob-
tained by disproportionation termination, and dead polymer
obtained by combination termination, respectively

jy1�d RQ jj
� w x w xw xsk RQ M qk RQ X CÝp k f jž /dt kks 0

� � � �w x w xyk RQ XC yk RQ RQ yk RQ 11Ž .b j t 0 j t r j

d RQ Xj
�w x w xsyk RQ X C qk RQ XC 12Ž .f j b jdt

d RQj
� � �w xsk RQ RQ qk RQ 13Ž .td 0 j t r jdt

jd RQ R k jj tc
� �w xs RQ RQ . 14Ž .Ý k jykž /dt 2 kks 0

Setting js0 in Eqs. 11 to 14, Eqs. 15 to 18 for the moments
of zeroth order are obtained

w � xd RQ0
�w x w xw x w xsk RQ X C yk RQ XCf 0 b 0dt

w � x w � x w � xyk RQ RQ yk RQ 15Ž .t 0 0 t r 0

w xd RQ X0
�w x w xw x w xsyk RQ X C qk RQ XC 16Ž .f 0 b 0dt

w xd RQ0
� � �w x w x w xsk RQ RQ qk RQ 17Ž .td 0 0 t r 0dt

w xd RQ R k0 tc
� �w x w xs RQ RQ . 18Ž .0 0dt 2

When js1, the moment equations of first order are ob-
tained.

w � xd RQ1
� �w x w x w xw xw x w xsk RQ M qk RQ X C yk RQ XCp 0 f 1 b 1dt

w � x w � x w � xyk RQ RQ yk RQ 19Ž .t 0 1 t r 1

w xd RQ X1
�w x w xw x w xsyk RQ X C qk RQ XC 20Ž .f 1 b 1dt

w xd RQ1
� � �w x w x w xsk RQ RQ qk RQ 21Ž .td 0 1 t r 1dt

w xd RQ R1
� �w x w xsk RQ RQ . 22Ž .tc 0 1dt

The second-order moment equations are given by Eqs. 23 to
26

w � xd RQ2
� �w x w x w xw xw x w xsk RQ M q2k RQ M qk RQ X Cp 0 p 1 f 2dt

� w x � � �w x w x w x w xyk RQ XC yk RQ RQ yk RQ 23Ž .b 2 t 0 2 t r 2

w xd RQ X2
�w x w xw x w xsyk RQ X C qk RQ XC 24Ž .f 2 b 2dt

w xd RQ2
� � �w x w x w xsk RQ RQ qk RQ 25Ž .td 0 2 t r 2dt

w xd RQ R2
� � � �w x w x w x w xsk RQ RQ qk RQ RQ . 26Ž .tc 0 2 tc 1 1dt

Since calculation of molecular-weight averages involves
taking ratios of the overall moments for all polymer species
of the same order, the overall moment equations for the total
chain species can be established, and are given by Eqs. 27 to
30

� w x w x w xw xd RQ q RQ X q RQ q RQ RŽ .0 0 0 0

dt

ktc
� �w x w xsy RQ RQ 27Ž .0 02

� w x w x w xw xd RQ q RQ X q RQ q RQ RŽ .1 1 1 1
� w xw xsk RQ Mp 0dt

28Ž .
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� w x w x w xw xd RQ q RQ X q RQ q RQ RŽ .2 2 2 2
� w xw xsk RQ Mp 0dt

� w x � �w x w x w xq2k RQ M qk RQ RQ 29Ž .p 1 tc 1 1

�d RQ q RQ X q RQ q RQ RŽ .j j j j

dt
jy1 jy1kj jtc

� � �w xw x w xsk RQ M q RQ RQ .Ý Ýp k k jykž / ž /2k kks 0 ks1

30Ž .

The following conservation equations also apply, and can be
used to simplify the material balances,

w x w xw xRQ X q XC s RX , 31Ž .00

that is, the total number of atom X remains constant.

w x w x w xC q XC s C , 32Ž .0

that is, the total number of catalyst C remains constant.

� w xw x w x w xw xRQ q RQ X q RQ q2 RQ R s RX , 33Ž .00 0 0 0

that is, the total number of initiator moiety R remains con-
stant during polymerization.

� w x w xw x w x w xw xRQ q RQ X q RQ q RQ R s M y M , 34Ž .01 1 1 1

that is, the number of monomeric units remains constant.
The rate of monomer consumption is given by Eq. 35:

w xd M
� w xw xsyk RQ M . 35Ž .p 0dt

The number-average chain length can be calculated accord-
ing to Eq. 36:

w x w xM y M0
r s . 36Ž .n �w x w x w x w x w x w xRX y RX y R y R y RR y RQ R0 0

In this work, only those molecules containing at least one
Ž .monomeric unit iG1 are considered as polymer chains. The

weight-average chain length can be calculated using Eq. 37:

� w x w x w xw xRQ q RQ X q RQ q RQ R2 2 2 2
r s . 37Ž .w w x w xM y M0

Finally, the polydispersity of the polymer molecular weight
distribution can be calculated using Eq. 38

rw
PDs . 38Ž .

rn

Diffusion-controlled reactions
Chain-length dependence of the kinetic constants is impor-

tant when the reaction involves two large macromolecules,

Ž Ž .such as termination whose kinetic rate constant is k n,m ,t
.where n and m are chain length of the reacting molecules .

Ž .One simple way to account for the dependence of k n,m ont
Ž . Žchain length is to use averages of k n,m Zhu and Hami-t

.elec, 1989; Vivaldo-Lima et al., 1994; Dube et al., 1997 .´
In this article, diffusion-controlled reactions are modeled

using equilibrium free-volume theory. Chain-length depen-
dence of reactions among large macromolecules is consid-
ered here by using different averages of the kinetic rate con-
stant for such reactions. In the mechanism shown in Eq. 1,
only termination involves reaction between two large macro-
molecules. Propagation, transfer between growing chain and
catalyst, and transfer to small molecules involve reaction be-
tween a large and a small molecule, and a single average of
the corresponding kinetic rate constant is adequate in those
cases.

A ‘‘series,’’ rather than a ‘‘parallel’’ structure of the effec-
tive diffusion-controlled reactions, is used in this article.
Equation 39 shows the structure of a ‘‘series’’ effective kinetic
constant, and Eq. 40 corresponds to the ‘‘parallel’’ structure.
In Eq. 39 k and k refer to diffusionaldiff-attraction diff-separation
restrictions for attraction and separation of molecules, re-
spectively. The classification of diffusion-controlled reactions
as ‘‘series’’ or ‘‘parallel,’’ and the demonstration that the
‘‘parallel’’ approach may be inadequate, were proposed and

Ž .explained by Vivaldo-Lima et al. 1994 . Only a few impor-
tant ideas are discussed below.

kdiff-attraction
k sk 39Ž .eff chem kdiff-separation

1 1 1
s q . 40Ž .

k k keff chem diff

On a first thought, the diffusional barriers for the attrac-
tion and separation of molecules might be considered the
same. If that was the case, the ratio of these diffusion con-
stants in Eq. 39 would be close to one. If the Smoluchowski
equation is used to calculate the diffusion constants, the ratio
of the diffusion constant for attraction to the diffusion con-
stant for separation is given by Eq. 41

k E yE � �diff-attraction a s a ssexp y exp y y .ž / ž /k RT V Vdiff-separation f a f s

41Ž .

If it is assumed that the activation energy to overcome the
attractive forces is the same for approach and separation of
the molecules, namely, E sE , then the energy term in Eq.a s
41 will cancel out. An intuitively similar analysis would lead
one to the conclusion that the free volume for attraction

Žshould be the same as the free volume for separation V sfa
. Ž .V . However, the ‘‘overlap’’ factors � and � may not bef s a s

the same. The overlap factor is related to the minimum hole
size necessary for a diffusional jump; that is, the minimum
volume of a hole that a molecule must find in its vicinity for

Ž .thermal jumping Fujita, 1993 . The reason for the different
values of the overlap factor for attraction and separation may
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be related to the size of the molecules involved in these diffu-
sion events. In the attraction event, the molecules are sepa-
rated and their minimum hole volume is different from the
one available for the larger molecule that results when they
approach one another. The free-volume parameters that ap-
pear in Eqs. 42 to 48 are the difference between the overlap
factors for attraction and separation, namely, �s� y� .a s

Bimolecular radical termination is modeled using number
Ž .and weight averages of k n,m , as shown in Eqs. 42 and 43.t

The first term in both equations accounts for translational
termination, and the other term in the equations refers to
‘‘reaction diffusion’’ or ‘‘residual’’ termination. Residual ter-
mination is calculated using Eq. 44. The number average of
Ž .k n,m is used to calculate polymerization rate, and numbert

Žaverage chain length to calculate all zero and first-order mo-
.ments . The weight average is used to calculate weight-aver-

Žage chain length second-order moments of radical, dormant,
.and dead polymer species . Subscript j in Eqs. 42 and 43

accounts for termination by combination, or termination by
disproportionation; x in Eq. 43 is monomer conversion. The
same value of � is assumed to be valid for both combinationt
and disproportionation termination:

1 1
0k sk exp y� y qk , jsc, d 42Ž .t jn t j t t pž /® ®f f0

xr2rn
k sk qk , jsc, d 43Ž .t jw t jn t pž /rw

w xk s zk M . 44Ž .t p p

The diffusion-controlled propagation kinetic rate constant
is calculated using Eq. 45, which involves the reaction be-
tween a large macromolecule and a small monomer molecule

1 1
0k sk exp y� y . 45Ž .p p p ž /® ®f f0

The reactions of reversible transfer between growing chains
and catalyst, and the irreversible chain transfer to small
molecules involve a large polymer molecule and a small
molecule. Equations 46, 47, and 48 show the expressions used
to calculate the activation, deactivation, and transfer to
small-molecule reactions, respectively

1 1
0k sk exp y� y 46Ž .f f f ž /® ®f f0

1 1
0k sk exp y� y 47Ž .b b b ž /® ®f f0

1 1
0k sk exp y� y . 48Ž .t r t r t r ž /® ®f f0

Fractional free-volume, ® , is calculated using Eq. 49; ® isf f0

fractional free-volume at initial conditions. The free-volume
parameters, � , � , � , � , and � , in Eqs. 42 and 45 to 48,t p f b tr

Figure 1. Effect of diffusion-controlled parameters of
exchange reaction between dormant and ac-

( ) ( )tive chains, � , and � , on a conversion, bb f
( )number-average chain length, and c poly-

dispersity, in ATRP.
w x w x w x w x 3 y1M r RX s 1,000; C r RX s 1; k s 1 dm � mol �0 0 0 0 f0
sy1; k s100 dm3�moly1� sy1; k s1,000 dm3�moly1� sy1;b p0 0
k s k s 0 dm3�moly1� sy1; zs 0, � s � s � s 0; andt r t t t r p0 0
� s � s 0, 0.1, 0.3, 0.5, 0.8.b f

are ‘‘overlap’’ factors for the termination, propagation, activa-
tion, deactivation, and transfer reactions. These overlap fac-
tors account for the fact that the same free-volume is avail-
able to several molecules, and also for separation, once the
molecules are in close proximity, yet have not reacted

� of components Vi® s 0.025q� TyT , 49Ž .Ž .Ýf i g i Vtis1
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Figure 2. Effect of diffusion-controlled parameters of
exchange reaction between dormant and ac-

( ) ( )tive chains, � and � , on a conversion, bb f
( )number-average chain length, and c poly-

dispersity, in ATRP.
w x w x w x w x 3 y1M r RX s1,000; C r RX s1; k s1 dm � mol �0 0 0 0 f0
sy1; k s1 dm3�moly1� sy1; k s1,000 dm3�moly1� sy1;b po 0
k s10,000 dm3� moly1� sy1; k s k s 0 dm3� moly1�td tr tc0 0 0
sy1; zs 0; � s � s � s 0; and � s � s 0, 0.1, 0.5, 0.8.t t r p b f

where T and T are reaction temperature and glass transi-g i
tion temperature of component i, respectively; � is the ex-i
pansion coefficient for species i; and V and V are volume ofi t
species i and total system volume, respectively.

Figure 3. System with no diffusion-controlled effects
( )� = � = � = � =0, � =0 vs. system withp b f t r t
combined diffusion-controlled effects in ter-
mination, propagation, activation, and deacti-

(vation reactions � = � = � =0.5, � =1.5,p b f t
)� =0 , in ATRP.tr

Other parameters as in Figure 2.

Results and Discussion
Qualitati©e simulation studies

A detailed simulation study on the qualitative effects of
diffusion-controlled reactions on conversion, number-average
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chain length, and polydispersity was carried out for this in-
vestigation, although only some of the main results are pre-
sented here. It was found that the effect of diffusion-con-
trolled monomer propagation is to reduce polymerization
rate, to decrease number-average chain length in a nonlinear
fashion, and to significantly increase the polydispersity of the
produced polymer. Radical termination is detrimental for the
living character of a polymerization system. However, when
termination is inevitable, the autoacceleration effect en-
hances the livingness of the system by reducing the value of
the termination rate constant, k .t

Figure 1 shows the combined effect of diffusion-controlled
activation and deactivation reactions, when � is assumedf

Žequal to � . The system is living termination and transfer tob
.small molecules are absent . All other diffusion-controlled

parameters in this figure are set equal to zero. The effect of
simultaneously increasing the value of the diffusion-con-
trolled parameter for activation and deactivation, is to reduce
the polymerization rate, to increase the number-average chain

Ž .length providing a ‘‘more linear’’ profile , and decrease poly-
dispersity. The case when termination by disproportionation
is important, but no autoacceleration effect is present, is
shown in Figure 2. It is observed that the presence of termi-
nation does not allow diffusion-controlled activa-
tionrdeactivation to enhance the living behavior of the sys-

Žtem as much as it was possible in a living radical system Fig-
.ure 1 .

So far it has been noticed that diffusion-controlled termi-
Žnation enhances the livingness of the system as compared

.with nondiffusion-controlled termination . Diffusion-con-
trolled activationrdeactivation also enhances the living be-
havior of the system, at least when � s� . On the otherf b
hand, it has been noticed that diffusion-controlled effects on
propagation are detrimental to the living character of the re-
acting system. In order to qualitatively assess the perfor-
mance of the system in a more real scenario, a simulation
considering diffusion-controlled effects on propagation, ter-
mination, activation, and deactivation, was carried out. The
results are shown in Figure 3. Overall, diffusion-controlled
phenomena seem to favor the living behavior of the reacting
system in ATRP. To generate Figure 3, typical values for the
diffusion-controlled parameters were used.

It has been mentioned that the effect of diffusion-con-
trolled activationrdeactivation is to enhance the living char-

Ž .acter of the system. However, Yu et al. 2001 have experi-
mentally observed that the deactivation of growing radicals in

Ž .ATRP of poly ethylene glycol dimethacrylate was impeded
Ž .by the restricted diffusion of the Cu II rligand complex. They

also observed an increase in radical concentration, which can
be associated with diffusion-controlled termination, and an
increase in polydispersity. They explained the transformation
of the system from controlled to conventional free-radical
polymerization in terms of the diffusion-controlled termina-
tion. These observations seem to contradict the predictions
obtained with our model; that is, we predict diffusion-con-
trolled termination and activationrdeactivation to enhance

Ž .the livingness of the system, while Yu et al. 2001 experi-
mentally obtained the opposite. In order to address this ap-
parent contradiction, it was decided to remove the hypothesis
that � s� .f b

Figure 4 shows the effect of changing � , when � is fixedb f
Žto 0.81 solid lines labeled with values of � s0, 0.1, 0.5, andb

Figure 4. Effect of diffusion-controlled parameters of
the exchange reactions between active and

( )dormant species, k and k , on a conver-b f
( )sion, and b polydispersity in ATRP of styrene

at 383 K.
w x y3 w x w x w x w xM s 8.7 mol � dm ; C r RX s1; M r RX s100;0 0 0 0 0
k s1,609 dm3�moly1� sy1; k s 4.98�108 dm3� moly1�p tc0 0
sy 1 ; k s 0 .0 4 2 d m 3 � m o ly 1 � sy 1 ; k s 4 .2 �f b0 0
105 dm3�moly1� sy1; k s 0.13 dm3�moly1� sy1; k s 4.96t r td0 0
�10y11 dm3� moly1 � sy1; � s 1.71; � s 0.304; and �t p tr
s0.5. � s 0.81 in lines labeled as � s 0, 0.1, 0.5, 0.85; �f b b
s0.85 in lines labeled as � s 0, 0.1, 0.5, 0.81.f

.0.85 . Also shown in Figure 4 is the effect of changing �f
Žwhen � is fixed to 0.85 solid lines labeled with values ofb

.� s 0, 0.1, 0.5, and 0.81 . When � is increased, keeping �f b f
fixed, the polymerization rate is increased, the number aver-
age chain length is not significantly changed, but the polydis-
persity toward the end of the polymerization increases dra-
matically. A similar effect is obtained when � is increased,f
keeping � fixed, but the polymerization rate is increasedb
much faster, and the magnitudes of the changes in number-
average chain length and polydispersity differ. It is observed
that diffusion-controlled effects are more severe in the acti-
vation reaction, although diffusion-controlled deactivation
also reduces the livingness of the system, making it behave as
conventional radical polymerization at moderately high con-
versions. These results demonstrate that the experimental

Ž .observations of Yu et al. 2001 can be qualitatively repro-
duced with our model. Even though radical termination is
theoretically responsible for the loss of livingness in a free-

November 2002 Vol. 48, No. 11AIChE Journal 2603



Table 1. Parameters and Initial Conditions for Bulk ATRP of Styrene

Parameter Value Reference or Comments
3 y1 y1Ž . Ž .k dm �mol � s 1,600 Buback et al. 1995p
3 y1 y1 8Ž . Ž .k dm �mol � s 3.1304�10 Buback and Kuchta 1997t c0 3 y1 y1 y11Ž . Ž .k dm �mol � s 4.9�10 Vivaldo-Lima et al. 1994t d0 y1Ž .k s 0.0 Neglectedt r0 3 y1 y1Ž . Ž . Ž . Ž .k dm �mol � s 0.45 0.42 Ohno et al. 1998 ; Goto and Fukuda 1999f0 3 y1 y1 7Ž . Ž .k dm �mol � s 1.1�10 Ohno et al. 1998b0 Ž .� dimensionless 0.3824�0.0368 This work, EVMp

Ž .� dimensionless 2.1255�0.1905 This work, EVMt
Ž .� dimensionless 0.4771�0.0733 This work, EVMf
Ž .� dimensionless 0.9727�0.0953 This work, EVMb
Ž .� dimensionless 0.0 Neglectedt r

3 y1Ž . Ž . Ž .z, dm �mol 0 135.0 Vivaldo-Lima et al. 1994
�y1Ž . Ž . Ž .� , � , � K 0.001, 0.00048, 0.007 Vivaldo-Lima et al. 1994m p s

�Ž . Ž . Ž .T , T , T K 185, 366.7, 123 Vivaldo-Lima et al. 1994g m g p g s y3w x Ž . Ž .M mol dm , styrene 8.7 Matyjaszewski et al. 19970 y3w x Ž . Ž .RX mol dm , 1-phenylethyl 0.087 Matyjaszewski et al. 19970
Ž .bromide 1-PEBr

��y3w x Ž . Ž . Ž .C mol dm , CuBrr2 dNbipy 0.087 Matyjaszewski et al. 1997 ,0
w x w x w xC s CuBr s dNbipy r20 0 0

Ž . Ž .T K 383 Matyjaszewski et al. 1997

�� � Ž . �dNbipys 4,4 -di- 5-nonyl -2,2 -bipyridine.

radical polymerization, our simulations indicate that it is the
Ž .diffusion-controlled activation or deactivation , the one re-

sponsible for the large deviations from living behavior of the
system, at high conversions.

Experimental ©alidation of the model
In order to test the validity of the model, experimental data

from the literature on styrene, methyl methacrylate, and
methyl acrylate atom-transfer radical homopolymerizations,
in bulk and solution, were used.

Batch and Solution ATRP of Styrene. For styrene ATRP,
Ž .the experimental data of Matyjasweski et al. 1997 were used.

Tables 1 and 2 summarize the values and the source of infor-
mation for the kinetic rate constants, the initial conditions,
the diffusion-controlled free-volume parameters, and other
parameters used in the model.

To estimate the values of � , � , � , and � , the ‘‘errors-t p f b
Ž .in-variables’’ method EVM , which can be described as a

weighed multivariable nonlinear regression procedure, was
used. Conversion, number-average chain length, and weight-
average chain length were used as responses. It is important
to observe that the estimated values for � and � are differ-f b

Table 2. Initial Conditions Used in Solution ATRP of
Styrene

Parameter Value Reference or Comments
y3w x Ž . Ž .M mol �dm , styrene 4.3 Matyjaszewski et al. 19970 y3w x Ž . Ž .S mol �dm , diphenyl ether 3.13 Matyjaszewski et al. 19970

3 3Ž .50% mrm
y3w x Ž . Ž .RX mol dm , 1- 0.045 Matyjaszewski et al. 19970

Ž .phenylethyl bromide 1-PEBr
y3w x Ž . Ž .C mol �dm , 0.045 Matyjaszewski et al. 1997 ,0

w x w x w x w xCuBrr2 dNbipy C s CuBr0 0
w xs dNbipy r20

Ž . Ž .T K 383 Matyjaszewski et al. 1997

ent from each other, which appears to indicate that major
deviations from the ideal controlled-radical behavior at high
conversions may be due to the diffusion-controlled effects on
the activation and deactivation reactions.

ŽFigure 5a shows experimental data Matyjaszewski et al.,
. Ž . Ž .1997 solid circles and predicted profiles closest solid line
Ž .of ln M rM vs. time for styrene ATRP, at 383 K. The trian-0

gles correspond to solution homopolymerization in diphenyl
ether. The parameter estimation procedure was done with
the experimental data for bulk ATRP. Therefore, the simula-
tions for solution ATRP are true predictions, and provide an
insight of the potential predictive power of the model. The
agreement between experimental data and predicted profiles
seems to be very good, except for the last experimental data
point in the bulk case, which lies too far below the predicted
profile. Since there are no repeats, and no experimental data
are reported at higher conversions, it cannot be determined
if the last experimental data point is in error, or if there is a
model inconsistency at high conversions. In an attempt to ex-
plain that deviation, the nonzero value for parameter z of
Eq. 44 was used. Equation 44 accounts for residual termina-
tion, which is important at high conversions. As shown in Fig-
ure 5a, for the lower of the two simulated profiles, the inclu-
sion of z in the model improved the trend of the profile, but
not significantly enough.

Ž .Figure 5b shows experimental data solid circles and the
Ž .predicted profile closest solid line for number-average chain

length vs. conversion. The agreement is quite good, except
for the first data point in the low conversion zone. Figure 5c

Ž .shows experimental data solid circles and the corresponding
predicted profile for polydispersity vs. conversion. The agree-
ment is very good. Since there are no experimental measure-
ments in the high conversion range, it is not clear if the in-
crease in polydispersity toward the end of the polymerization

Ž .is that strong. According to our simulations Figure 4 , exper-
imental data in the high conversion range are needed in or-
der to obtain good estimates of � and � .f b
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Figure 6 shows a plot of the different effective kinetic rate
Ž .constants k , k , k , k , and k vs. conversion for bulktn tw p f b

ATRP of styrene. Diffusion-controlled effects are more noto-
rious on the radical termination and the radicalrcatalyst de-
activation reactions. Since low polydispersity values were ob-
tained, relative to conventional free-radical polymerization,
the difference between k and k is not perceived in thetn tw
plot. Propagation and activation decrease moderately, thus
showing moderate diffusion-control effects. In the case of so-

Ž .lution ATRP of styrene not shown , all kinetic constants have
a very slight value reduction with time, showing an almost
constant behavior.

Solution ATRP of Methyl Methacrylate. To further test the
Ž .performance of our diffusion-controlled ATRP DC-ATRP

Ž .model, the experimental data of Wang et al. 1997 were used.
Table 3 lists the values of all the parameters, physical proper-
ties, and initial conditions used to model this system. Al-
though the conventional free-radical homopolymerization of
methyl methacrylate has also been studied extensively, there
were no experimentally determined values for the termina-

Ž .tion and activation or deactivation kinetic rate constants at
the conditions of the reported experiments. Since there were
no reported values for k measured experimentally, as wast
the case with styrene, the values obtained in a simulation
study for cross-linking of MMA with ethylene glycol

Ž . Ž .dimethacrylate EGDMA Vivaldo-Lima et al., 2002 were
used. Although the equilibrium constant for this ATRP sys-

Žtem was measured experimentally and reported Wang et al.,
.1997 , neither of the individual values of k or k were re-f b

ported. The 95% confidence intervals reported in Table 3 for
MMA were values obtained in some of the EVM trials. The
values in brackets show the ranges of variation that produced
adequate results, combining all the EVM trials that produced

Ž�.reasonable values. Parameters marked with in Tables 1 to
4 were not reported in the literature and were given reason-
able values.

ŽFigure 5 shows a comparison of experimental data solid
. Ž .diamonds and model predictions closest profiles for con-

Ž . Ž .version x , number-average chain length n-CL , and poly-
Ž .dispersity PD . Overall the agreement is good, although the
Ž .predicted ln M rM profile lies above the experimental data0

in the low-conversion regime, and below in the high-conver-
sion regime. Once again, not having enough experimental data
at the very low- and high-conversion regimes, and not having
repeats, does not allow us to fairly judge the observed dis-
crepancies in n-CL at PD in the low-conversion regime.

Although this polymerization was carried out in solution,
Figure 7 shows that the activation and deactivation reactions
are affected by diffusion-controlled phenomena, thus moder-
ately reducing their kinetic rate constant values as polymer-
ization proceeds. Propagation and termination do not show
apparent diffusion-controlled effects at this polymerization
conditions.

Bulk ATRP of Methyl Acrylate. The last experimental sys-
tem considered in this article was the bulk ATRP of methyl
acrylate. The experimental data used to compare with our

Ž .model predictions were reported by Davis et al. 1999 . Ex-
perimental initial conditions and model parameter values
used to produce the predicted profiles for MA in Figure 5
are summarized in Table 4.

The parameter estimation stage for methyl acrylate was
even more difficult than the preceding cases. There were no
reliable, experimentally determined estimates available for
k , k , k , and k . The range of variation for k and k inp t f b p t
the literature was of orders of magnitude. The equilibrium
constant, K sk rk , was determined assuming that the keq f b p
value was the same as the one for butyl acrylate polymeriza-

Ž .tion Davis et al., 1999 . The values in brackets for k and kp b
in Table 4 correspond to simulations that produced very simi-
lar profiles for n-CL and PD, and rather lower predictions
Ž .not shown in Figure 5 of x than the experimental data; that
is, two quite different values of k could produce similar re-p

Table 3. Initial Conditions and Parameters Used in Solution ATRP of Methyl Methacrylate

Parameter Value Reference or Comments
3 y1 y1Ž . Ž .k dm �mol � s 1,616 Gilbert et al. 1996p

3 y1 y1 7Ž Ž . Ž .k dm �mol � s 1�10 Vivaldo-Lima et al. 2002 see textt c0 3 y1 y1 7Ž . Ž . Ž .k dm �mol � s 9.21 x 10 Vivaldo-Lima et al. 2002 see textt d0 y1Ž .k s 0.046 set to an arbitrary low valuet r0 3 y1 y1Ž . Ž .k dm �mol � s 0.37�0.041 EVM trials see textf 0 3 y1 y1 5 y7Ž . Ž .k dm �mol � s 5.286�10 K sk rk s 7�10 Wang et al., 1997b eq f b0 Ž .� dimensionless 0.65�0.32 This work, EVMp
Ž . Ž .� dimensionless 6.64�0.75 4.0�7.0 This work, EVMt
Ž . Ž .� dimensionless 5.0�0.023 1.0�6.0 This work, EVMf
Ž . Ž .� dimensionless 3.0�0.41 2.5�5.5 This work, EVMb
Ž .� dimensionless 0.5 Set to a typical valuet r

3 y1Ž . Ž . Ž .z, dm �mol 0 135 Vivaldo-Lima et al. 1994
�y1Ž . Ž . Ž .� , � , � K 0.001, 0.00048, 0.007 Vivaldo-Lima et al. 2002m p s

�Ž . Ž . Ž .T , T , T K 167, 387, 170 Vivaldo-Lima et al. 2002g m g p g s
3 y1Ž .z, dm �mol 0

y3w x Ž . Ž .M mol �dm MMA 4.67 Wang et al. 19970 y3w x Ž . Ž .RX mol �dm , p-toluen- 0.023 Wang et al. 19970
sulfonyl chloride

y3w x Ž . Ž .C mol �dm , 0.0115 Wang et al. 19970
Ž .CuBrr2 dNbipy

y3 3 3w x Ž . Ž . Ž .S mol �dm , diphenyl ether 3.1315 Wang et al. 1997 50% mrm0
Ž . Ž .T K 363 Wang et al. 1997
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Figure 5. Model predictions vs. experimental data for
( ) ( )bulk � and solution � ATRP of styrene;

( )solution ATRP of MMA � ; and bulk ATRP of
( )MA � .

Polymerization conditions and kinetic parameters are shown
Ž . Žw x w x.in Tables 1, 2, 3, and 4, respectively. a ln M r M vs.0

Ž . Ž .time; b number average chain length vs. conversion; c
polydispersity vs. conversion.

sults for x, n-CL, and PD. The agreement between experi-
mental data and model predictions for x, n-CL, and PD, is
reasonably good.

Figure 8 shows a plot of effective kinetic rate constants vs.
conversion. It is observed that except for propagation, all the

Figure 6. Model predictions of the evolution of k , k ,tn tw
k , k , and k in bulk ATRP of styrene, at con-p f b
ditions of Table 1.

reactions analyzed seem to be affected by diffusion con-
straints during the polymerization.

[ �]E®olution of Total Polymer Radical Concentration RQ .0
It is common practice in the modeling of polymerization pro-
cesses to assume steady state in the concentration of polymer

Ž .radicals. This is known as the ‘‘steady state hypothesis’’ SSH .
The SSH is reasonable for conventional free-radical polymer-
ization processes, but its validity for controlled-radical poly-
merization processes cannot be assured without careful study.
Some studies in controlled-radical polymerization have as-

Žsumed the SSH to be valid in these processes Fukuda et al.,
.2000 . Since the kinetic model used in this article does not

assume the steady state of the polymer radical concentration,
and considering that very good agreement between experi-
mental data and model predictions for styrene, methyl
methacrylate, and methyl acrylate polymerizations was ob-

w � xtained, it was decided to analyze the evolution of RQ with0

Figure 7. Model predictions of the evolution of k , k ,tn tw
k , k , and k in solution ATRP of methylp f b
methacrylate, at conditions of Table 3.
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Figure 8. Model predictions of the evolution of k , k ,tn tw
k , k , and k in bulk ATRP of methyl acry-p f b
late, at conditions of Table 4.

time in order to get an insight into the validity of the SSH.
Figure 9 shows the evolution of styrene, methyl methacrylate,
and methyl acrylate polymerizations with time for the cases
studied in this article, namely, styrene, methyl methacrylate,
and methyl acrylate polymerizations. It is clearly observed that
the SSH is not valid during the low and intermediate conver-

w � xsion range. Large variation in RQ is observed during the0
first 150 min of reaction in the four cases shown in Figure 9.

Conclusions
Living radical polymerization processes such as ATRP are

very sensitive to the values of the kinetic rate constants of the
reactions involved in the mechanism, and in particular the
value of the equilibrium constant of the activationrdeactiva-

Figure 9. Model predictions of total polymer radical
concentration vs. conversion for bulk and so-
lution ATRP of styrene; solution ATRP of
methyl methacrylate; and bulk ATRP of methyl
acrylate.
At conditions of Tables 1, 2, 3, and 4, respectively.

tion reactions. The present simulations show that diffusion-
controlled effects are also fundamental in controlled-radical
polymerization processes.

It has been shown that, if all reactions are present, diffu-
Ž .sion-controlled DC propagation reduces the livingness of the

system, DC termination enhances it, and DC activationr
deactivation is a rather complex phenomenon. If the DC pa-
rameters for activation and deactivation are the same, it was
found that the livingness of the system is enhanced, but if
they are different, the livingness is reduced. The model pre-
sented here can explain the experimental observations of Yu

Table 4. Initial Conditions and Parameters Used in Bulk ATRP of Methyl Acrylate

Parameter Value Reference or Comments
3 y1 y1Ž . Ž . Ž . Ž .k dm �mol � s 5,333 1,742 Matheson et al. 1951 see textp
3 y1 y1 6Ž . Ž . Ž .k dm �mol � s 3.254�10 Gao and Penlidis 1996 ; Matheson et al. 1951t c0 3 y1 y1 6Ž . Ž .k dm �mol � s 5.78�10 Gao and Penlidis 1996t d0 y1Ž .k s 0.0 Neglectedt r0 3 y1 y1Ž .k dm �mol � s 0.45 Assumed equal to that of styrenef 0 3 y1 y1 7Ž . Ž . Žk dm �mol � s 3.5714�10 Davis et al. 1999 K was adjusted,b eq0 7Ž .1.166�10 according to the k value for MA used inp

.this article
Ž .� dimensionless 0.1804�0.0913 This work, EVMp

Ž .0.2379�0.042
Ž .� dimensionless 0.6633�0.1528 This work, EVMt

Ž .1.728�0.33
Ž .� dimensionless 0.771�0.129 This work, EVMf

Ž .0.79�0.143
Ž .� dimensionless 0.5 This work, EVM trialsb
Ž .� dimensionless 0.0 Neglectedt r

3 y1Ž .z, dm �mol 0
�y1Ž . Ž . Ž .� , � , � K 0.001, 0.00048, 0.007 Andrews and Grulke 1999m p s

�Ž . Ž . Ž .T , T , T K 185, 366.7, 423 Andrews and Grulke 1999g m g p g s
y3w x Ž . Ž .M mol �dm , methyl acrylate 11.2 Davis et al. 19990 y3w x Ž . Ž .RX mol �dm , 2- 0.028 Davis et al. 19990

bromopropionate
y3w x Ž . Ž .C mol �dm , 0.028 Davis et al. 19990

Ž .CuBrr2 dNbipy
Ž . Ž .T K 363 Davis et al. 1999
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Ž .et al. 2001 regarding observed DC deactivation in ATRP of
EGDMA. The large deviation of their system from ideal liv-
ing behavior at high conversions can be attributed to DC ac-
tivation or DC deactivation.

The model presented in this article can reproduce very well
the experimental data of x, n-CL, and PD, for bulk and solu-
tion ATRP of styrene, methyl methacrylate, and methyl acry-
late. Reasonable good estimates of the kinetic and DC pa-
rameters of the model have been provided.

Finally, our simulations suggest that the SSH is inadequate
in ATRP of styrene, methyl methacrylate, and methyl acry-
late, at least in the low and intermediate conversion regimes,
and in a temperature range between 363 and 383 K.
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